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INTRODUCTION
The aim of this paper is to give some applications of the Ramsey theory
to the study of polynomials and multilinear forms on Banach spaces. It will
be first applied to the connection between the weak sequential continuity
of polynomials, and more generally multilinear forms, and the existence of
w xcertain estimates in the sequences. This was first studied by Pelczynski 21
w xand later on in 2, 5, 14 with results along the same lines. Recently, the
w xtheory of ``spreading models'' has been introduced 11, 12 in the study of
weak sequential continuity of polynomials, with some applications to
polynomial reflexivity on Banach spaces. By using Ramsey theory it is
possible to obtain for a given polynomial a new polynomial now defined on
the ``spreading model'' and which preserves some properties of the original
w xone. This construction was done in 15 . We here generalize this result to
 .multilinear forms Theorem 1.4 . An interesting consequence of the results
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of the first section is Corollary 1.6 which shows that a condition to ensure
that all polynomials until a certain degree N are weakly sequentially
continuous is the non-existence of lower estimates of power strictly bigger
than N in the sequences of the space. An analogous result to this one was
w xobtained in 3, 11 with estimates not in the space but in the ``spreading
model,'' which is less general.
The second section is totally devoted to the study of subsymmetric
w xpolynomials. Nemirovski and Semenov 19 introduced these polynomials
 .they called them ``standard'' polynomials on l -spaces. We here investi-p
gate this kind of polynomials in a more general context: Banach spaces
with subsymmetric basis. The main result in this section is Theorem 2.1
that gives the explicit representation of subsymmetric polynomials as linear
combinations of some elementary subsymmetric polynomials that are
described. Since there is a finite amount of elementary subsymmetric
polynomials, in particular, the vector space of subsymmetric polynomials of
a certain degree is finite dimensional. In the proof of this result we use the
w xGeneralized Rademacher Functions that were introduced in 4 and also
w xused in 5 . An easy proof of the characterization of Banach spaces which
` w xare C -smooth 8, 15 is given as a consequence of the representation
theorem of subsymmetric polynomials. We also give an approximation
result of polynomials by subsymmetric polynomials that generalizes the
w x w xanalogous result given in 19 , and more recently in 16 , for l -spaces.p
In the last section we apply the results obtained before to one problem
w xof stabilization of algebras of polynomials that appears in 19 . There, they
proved that in l -spaces the chain of algebras generated by polynomials ofp
a fixed degree does not stabilize. We extend this result to a wider class of
Banach spaces which includes all superreflexive spaces.
1. MULTILINEAR MAPPINGS AND LOWER ESTIMATES
 .Let X be a Banach space over K where K s R or C and let
 41 - q - `. Recall that a sequence u in X is said to have a lowern
q-estimate if there exists a constant C ) 0 such that
1rqk k
q< <x F C x u n n n /
ns1 ns1
for every x , . . . , x g K and every k g N.1 k
Now if X , . . . , X are Banach spaces over K we say that a sequence1 N
 4  1 N .4u s u , . . . , u in X = ??? = X has a lower estimate if there existsn n n 1 N
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a constant C ) 0 such that
k k k
1 N 1 1 N N< <x ??? x F C x u ??? x u  n n n n n n
ns1 ns1 ns1X X1 N
for all x1 , . . . , x N g K; n s 1, . . . , k; k g N.n n
Note that from the Holder inequality it follows that if each sequenceÈ
 i 4  .u has a lower p -estimate in X i s 1, . . . , N and 1rp q ??? q1rp sn i i 1 N
 4  1 N .41, then the sequence u s u , . . . , u has a lower estimate. On then n n
 .4other hand, if X s ??? s X s X, then the sequence u , . . . , u has a1 N n n
N  4lower estimate in X if and only if the sequence u has a lowern
N-estimate in X.
w xNext we give a multilinear version of Proposition 1.9 in 15 .
LEMMA 1.1. Let X , . . . , X be Banach spaces with unconditional bases1 N
 14  N 4that will be denoted by e , . . . , e , respecti¨ ely. Then the following condi-n n
tions are equi¨ alent
 .1 There exists a bounded N-linear form A on X = ??? = X such that,1 N
<  1 N . <for all integer n, we ha¨e A e , . . . , e G 1.n n
 .  1 N .42 The sequence e , . . . , e has a lower estimate.n n
 .  .Proof. To prove 2 implies 1 we only have to define the N-linear
form
n n n
1 1 N N 1 NA x e , . . . , x e s x ??? x .  i i i i i i /
is1 is1 is1
 .  .Now to prove 1 implies 2 we consider the case that K s C. Otherwise
w xwe work, as it is done in 15 , with the complexified spaces and with the
w xextension of the multilinear mapping. As in 5 , we will use the N-Gener-
  .4alized Rademacher Functions r t for N G 2. These are complex-valuedn
functions defined on the unit interval and satisfying
1 1, if i s ??? s i1 Nr t ??? r t dt s .  .H i i 1 N 0, otherwise.0
< <  1 N .Now we choose e g C with e s 1 and A e e , . . . , e e sn n n n n n
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<  1 N . <A e , . . . , e . Thenn n
k k
1 N 1 1 N N< < < < < <x ??? x F A e x e , . . . , e x e . n n n n n n n n
ns1 ns1
k k
1 1 1 N N< < < <s A e x e r t , . . . , e x e r t dt .  . H n n n n n n n n /0 ns1 ns1
k k
1 1 1 N N5 5 < < < <F A x r t e ??? x r t e dt .  . H n n n n n n
0 ns1 ns1X X1 N
k k
1 1 N NF C x e ??? x e , n n n n
ns1 ns1X X1 N
5 5where C only depends on A and on the unconditional constants of the
bases.
The above lemma can be used to obtain isomorphic copies of l in the`
space of multilinear mappings, as we see in the following corollary. The
w xsame ideas of Theorem 3 in 10 give, in fact, this more general result.
COROLLARY 1.2. Let X , . . . , X be Banach spaces which ha¨e uncondi-1 N
 14  N 4tional bases e , . . . , e , respecti¨ ely. Assume that there exists a boundedn n
  1 N .4multilinear form A on X = ??? = X such that A e , . . . , e does not1 N n n
N .con¨erge to zero. Then, the space L X = ??? = X of bounded N-linear1 N
forms on X = ??? = X contains an isomorphic copy of l .1 N `
 1 4  N 4Proof. It follows by Lemma 1.1 that some subsequence e , . . . , en ni i
has a lower estimate. We may then consider the isomorphism from l into`
N .  .L X = ??? = X given by T b s A , where1 N b
` ` `
1 1 N N 1 NA x e , . . . , x e s b x ??? x  b i i i i i n ni i /
is1 is1 is1
 .for b s b g l .i `
In the polynomial case we have the following result.
 4COROLLARY 1.3. Let X be a Banach space with unconditional basis en
  .4such that there is an N-homogeneous polynomial P on X ¨erifying that P en
does not con¨erge to zero. Then
l ; P NX . .`
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In next theorem we extend multilinear continuous mappings to the
``spreading models'' associated to certain sequences, by using Ramsey
 4theory. Recall that if u is weakly null and a normalized sequence in Xn
 4  .  w x.the ``spreading model'' built over u or a subsequence see 6 is an
 4Banach space F with subsymmetric basis e , called the fundamentaln
sequence of the spreading model, and verifying that if x , . . . , x g K,1 k
k g N,
k k
x e s lim x u . i i i n in - ??? -n1 kis1 is1F
 1 4  N 4THEOREM 1.4. Let X = ??? = X be Banach spaces and u , . . . , u1 N n n
weakly null normalized sequences in X , . . . , X , respecti¨ ely, which admit1 N
 14  N 4spreading models F , . . . , F with unconditional basis e , . . . , e , respec-1 N n n
ti¨ ely. Let A be an N-linear continuous form from X = ??? = X into K.1 N
Then, there is an N-linear continuous form AU from F = ??? = F and an1 N
infinite set of integers H such that
k k k k
U 1 1 N N 1 1 N NA x e , . . . , x e s lim A x u , . . . , x u   i i i i i n i ni i /  /n - ??? -n1 kis1 is1 is1 is1
n gHi
for all x j g K, j s 1, . . . , N; i s 1, . . . , k.i
w xProof. In order to prove it we proceed as in 15, Theorem 1.8 . For any
integer k let x1, . . . , x1 , . . . , x N, . . . , x N g K be fixed and consider the1 k 1 k
function
k k
1 1 N NC n , . . . , n s A x u , . . . , x u if n - ??? - n . .  1 k i n i n 1 ki i /
is1 is1
Since C is a bounded function on the set of k-tuples of different integers,
by using Ramsey theorem we get an infinite set of integers H such that
lim C n , . . . , n .1 k
n - ??? -n1 k
n gHi
does exist. Now by a reiterative applying of Ramsey theorem and after
w xsome diagonalization procedures as it is done in 15 we have that there is
an infinite set of integers H such that
k k
1 1 N Nlim A x u , . . . , x u i n i ni i /n - ??? -n1 k is1 is1
n gHi
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does exist for any x1, . . . , x1 , . . . , x N, . . . , x N g K and this number will be1 k 1 k
U  k 1 1 k N N .denoted by A  x e , . . . , x e . Besides, it is easy to prove thatis1 i i is1 i i
AU is an N-linear continuous form on F = ??? = F .1 N
 4Remark 1.5. Suppose that X s ??? s X s X and u is a weakly1 N n
null sequence in X which admits a spreading model F with fundamental
 4sequence e . Given an N-homogeneous polynomial P on X with associ-n
ated N-linear form A, from Theorem 1.4 we obtain an N-linear form AU ,
an N-homogeneous polynomial PU on F, and an infinite set H of
integers, such that
k k
UP x e s lim P x u . i i i n i /  /n - ??? -n1 kis1 is1
n gHi
COROLLARY 1.6. Suppose that in a Banach space X there is no weakly
null normalized sequence with a lower q-estimate. Then if N - q e¨ery
polynomial of degree at most N on X is weakly sequentially continuous.
Proof. Assume that there is an N-homogeneous polynomial P which is
not weakly sequentially continuous and N - q. We may assume without
loss of generality that P is not weakly sequentially continuous at zero. Let
 4x be a weakly null sequence on which P is bounded away from zero atn
 4 modulus. Let F be a spreading model built over the sequence x or an
.  4subsequence if necessary with fundamental sequence e . Then by Re-n
mark 1.5 it is possible to construct a polynomial PU on F which is
 4bounded away from zero at modulus. Now by Lemma 1.1 we have that en
w xhas a lower N-estimate. It follows from Theorem 1.4 in 14 that there is a
 4subsequence of x with a lower q-estimate for all q ) N.n
w xRemark 1.7. The above corollary improves the results of 3, 11 where
the power 2 N for the lower estimate in the fundamental sequence of the
``spreading model'' is given. On the other hand, the power N obtained
here is sharp: consider for instance the space l where N is an evenN
integer. Besides, if X has property WU that is, every weakly null normal-
w x.ized sequence has an unconditional subsequence, see 20 , the power
q s N in Corollary 1.6 can be easily obtained from the above results.
2. SUBSYMMETRIC POLYNOMIALS
Through this section X will denote a Banach space with subsymmetric
 4basis e , i.e., an unconditional basis in X which is equivalent to each ofn
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 w x.its subsequences. It is known see 17 that there is an equivalent norm on
< <X verifying that if x , . . . , x g K and n is an integer and e g K, e F 1,1 n i i
then
n n
e x e s x e if k - ??? - k . i i k i i 1 ni
is1 is1
 4We always consider this norm on X and e a normalized and subsymmet-n
ric basis.
An N-homogeneous polynomial on X, P, is said to be a subsymmetric
polynomial if for all x , . . . , x g K and all integers n we have1 n
n n
P x e s P x e if k - ??? - k . i i i k 1 ni /  /
is1 is1
Note that this definition coincides with the definition of standard polyno-
w xmials introduced by Nemirovski and Semenov in 19 .
In order to give the explicit representation of subsymmetric polynomials
it is essential to introduce an index which is associated to the basis and
 4that we call the polynomial degree of e defined byn
 4  4deg e s min p g N: e has a lower p-estimate 4n n
 .where the minimum of the empty set is infinite ; the reason to denote this
w xnumber by polynomial degree is that by 13 it can be easily proved that
 4  4deg e s min m g N; e is not P -null . 4n n m
 4  w x.Recall that a sequence e is said to be P -null see 13, 15 if for alln N
  .4M-homogeneous polynomials P with M F N the sequence P e con-n
verges to zero.
If two bases are equivalent, then both have the same polynomial degree.
Of course, the reciprocal is not true; however, the polynomial degree equal
to 1 implies that the basis is equivalent to the unit vector basis of l .1
Next we see what the polynomial degree is in some of the most
well-known spaces with subsymmetric basis:
 .1 For the spaces l where 1 F p - ` the polynomial degree of thep
basis coincides with
p if p is integer
N s  w xp q 1 otherwise,
w xwhere p is the greatest integer less than p.
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 .2 For the space c , the polynomial degree of the basis is r s ` since0
the unit vector basis in this space has all the upper estimates and so it has
no lower estimates.
 .3 In the case of Orlicz sequence spaces l associated to an OrliczM
w xfunction M, the polynomial degree of the basis can be obtained from 13 ;
so, we have that
M t .
 4deg e s min N g N; inf ) 0 .n N 5tw xtg 0, 1
 .  .4 For Lorentz sequence spaces d w, p with 1 - p - `, associated
 4to a sequence w we do not know the exact polynomial degree of then
w xbasis; however, a lower bound for this number is found in 13 . There, it is
proved that if
 4q s inf s G 1; w g l 4n s
 4 U Uthen deg e G q p where p is the conjugate of p. So, in the particularn
 .case that q s 1 for instance if w s 1rn , the polynomial degree of then
basis is infinite.
Once we have introduced the polynomial degree we can prove the main
result of this section that is the following theorem:
 4THEOREM 2.1. Let X be a Banach space with subsymmetric basis en
 4which has polynomial degree r s deg e .n
If N G r then e¨ery N-homogeneous subsymmetric polynomial can be
expressed as a linear combination of elementary N-homogeneous subsymmetric
polynomials on X that are
`
i i1 sP x e s x ??? x , i , . . . , i n n n n1 s 1 s /
n - ??? -nns1 1 s
where i q ??? qi s N and each i G r.1 s j
If N - r then there is no non-tri¨ ial N-homogeneous subsymmetric polyno-
mials.
Proof. The proof of this theorem will be done in the complex case; for
the real case, we consider the complexified space of X and the polynomial
extension to this complex space, and we proceed in the same way.
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First note that for each i , . . . , i g N, verifying that i q ??? qi s N1 s 1 s
 4and that all i G deg e s r the following expressionsj n
`
i i1 sP x e s x ??? x i , . . . , i n n n n1 s 1 s /
n - ??? -nns1 1 s
are well defined; indeed, for x s ` x e we havens1 n n
` ` `
i i1 s< < < <P x e F x ??? x  i , . . . , i n n n n1 s  /  /  /
ns1 ns1 ns1
i rr i rr N1 s` ` `
r r N< < < <F x ??? x F C x e ,  n n n n /  /
ns1 ns1 ns1
since the basis has a lower r-estimate. Therefore, P is an N-homoge-i , . . . , i1 s
neous and subsymmetric polynomial on X.
Now, let P be an N-homogeneous subsymmetric polynomial and let A
be the N-linear and symmetric form associated to P. From the polariza-
w xtion formula 18 , it follows that A satisfies that for all n - ??? - n1 s
A ei1 , . . . , ei s s A ei1 , . . . , ei s . .  .1 s n n1 s
If we write the expression of P in terms of the coordinates, then if
x , . . . , x g K we have that1 k
k N !
i i i i1 s 1 sP x e s x ??? x A e , . . . , e    .j j n n n n1 s 1 s / i ! ??? i !1 sjs1 i q ??? qi sN n - ??? -n Fk1 s 1 s
N !
i i i i1 s 1 ss A e , . . . , e x ??? x . . 1 s n n1 si ! ??? i !1 si q ??? qi sN n - ??? -n Fk1 s 1 s
1 .
 i1 i s.The only thing that we have to prove now is that A e , . . . , e s 01 s
 4  4  4whenever min i , . . . , i - deg e . Assume that i s min i , . . . , i , other-1 s n 1 1 s
<  i1 i s. <wise we proceed in the same way. If A e , . . . , e s a ) 0 we consider1 s
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i1  i1 i s.e g C such that e A e , . . . , e s a . Then1 s
k k
i i i i i1 1 1 2 s< < < <a x s x A e , e , . . . , e . j j j kq2 kqs
js1 js1
k
ii i i11 2 s< <s x A e e , e , . . . , e .  /j j kq2 kqs
js1
i1k
1 i i2 ss A e x r t e , e , . . . , e dt .H j j j kq2 kqs / /0 js1
i1k
5 5F C A x e , j j
js1
  .4where r t is the sequence if i -Generalized Rademacher Functions ifn 1
i G 2 and C is the unconditional constant of the basis; note that in the1
case of i s 1 the same inequality holds by using the linearity of1
 i2 i s .  4A ., e , . . . , e . Therefore e would have a lower i -estimate andkq2 kqs j 1
 4since i - deg e that is not possible.1 n
 .Now the result follows from 1 , since for all k g N
k N !
i i1 sP x e s A e , . . . , e . j j 1 s / i ! ??? i !1 sjs1 i q ??? qi sN ; i Gr1 s j
=
k
P x ei , . . . , i j j1 s  /js1
then P can be expressed as a linear combination of the polynomials
P as we required.i , . . . , i1 s
Note that from this representation it follows that the vector space of
N-homogeneous subsymmetric polynomials is finite dimensional.
As a consequence of the above theorem we can give an easy proof of the
characterization of real Banach spaces with subsymmetric basis which have
w xa separating polynomial that was given in 15 . Recall that a polynomial P
 .  . 5 5is separating if it verifies that P 0 s 0 and P x G 1 if x s 1.
COROLLARY 2.2. Let X be a real Banach space with subsymmetric basis
 4e which has a separating polynomial. Then X is isomorphic to l , wheren r
 4r s deg e is an e¨en integer.n
Proof. First, if r s 1 then the space X is isomorphic to l which does1
 4not have a separating polynomial, hence r ) 1 and e is weakly null. Wen
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may assume that X has a 2k-homogeneous separating polynomial P see,
w x.e.g., 9, p. 209 . From Remark 1.5, since the spreading model of a weakly
null subsymmetric basis coincides with itself, it easily follows that there is a
U  42k-homogeneous subsymmetric separating polynomial P on X. Since en
is weakly null, we have that r F 2k and now we can apply Theorem 2.1
obtaining that
`
U i i1 sP x e s a x ??? x .  n n i ??? i n n1 s 1 s / /
n - ??? -nns1 i q ??? qi s2 k 1 s1 s
i Grj
Then,
2 k` `
i iU 1 s< < < < < <x e F P x e F a x ??? x   n n n n i ??? i n n1 s s / /
n - ??? -nns1 ns1 i q ??? i s2 k 1 s1 s
i Grj
2 krr` ` `
i i rX1 s< < < < < <F C x ??? x F C x  n n n /  /  /
ns1 ns1 ns1
 4since the basis has a lower r-estimate. Therefore, e has also an uppern
r-estimate and is equivalent to the unit vector basis in l where r must ber
 w x.an even integer see, e.g., 7 as we required.
Next, combining Ramsey theory and Theorem 2.1, we give a generaliza-
w x w xtion of the result obtained by Nemirovski 19 and also by 16 about the
approximation of polynomials by subsymmetric polynomials on l -spacesp
for 1 F p - `.
 4THEOREM 2.3. Let X be a Banach space with subsymmetric basis e . Ifn
P is an N-homogeneous polynomial on X, there is an N-homogeneous
subsymmetric polynomial PU such that for each e ) 0 there exists an infinite
set of integers H such that
5 U 5P y P F e ,XH
 4where X is the closed subspace generated by e ; n g H .H n
Proof. Let A be the N-linear symmetric form associated to P and
consider PU the subsymmetric polynomial associated to P given by Re-
mark 1.5 and AU its associated multilinear form. Then, there is an infinite
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set of integers H such that
k k k k
U 1 NA x e , . . . , x e s lim A x e , . . . , x e .   i i i i i n i ni i /  /n - ??? -n1 kis1 is1 is1 is1
n gHi
In order to prove the theorem we need the following fact:
Fact. Let N be an integer, P an N-homogeneous polynomial with
associated N-linear symmetric form A. Then, for each infinite set of
integers H and e ) 0 there exists an infinite set H X ; H such that
i i i i1 s 1 sx ??? x A e , . . . , e - e ,  .n n n n1 s 1 s
n - ??? -n XX1 s H
 4whenever i , . . . , i g N verify that i q ??? qi s N and min i , . . . , i1 s 1 s 1 s
- r.
To prove this fact we use an argument of induction on the degree of the
polynomial. In the case that N s 1, a 1-homogeneous polynomial is a
linear form xU g X U. Then, for r s 1 there is nothing to prove and if
r ) 1, since the basis is weakly null it is possible to choose an infinite set of
integers H X ; H such that
Ux e - e . . n
XngH
Assume now that the result holds for any integer M F N y 1 and let P,
A, e , and H be fixed, and consider i , . . . , i g N verifying that i1 s 1
 4q ??? qi s N and min i , . . . , i - r. Then, two cases may be given.s 1 s
 4First Case. min i , . . . , i - r. Then, if we consider Q to be the2 s 1
homogeneous polynomial given by the M-linear form defined by
A u , . . . , u s A ei1 , u , . . . , u , .  .1 1 M 1 1 M
where M s i q ??? qi , by using the hypothesis of induction we can find2 s
 14 1an increasing sequence of integers H s a ; H such that p s a ) 11 n 1 1
and
i i i i2 s 2 sA e , . . . , e x ??? x - er2.  .1 n n n n2 s 2 s
n - ??? -n X2 s H 1
We consider now the polynomial Q with associated multilinear formp1
A u , . . . , u s A ei1 , u , . . . , u .  .p 1 M p 1 M1 1
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and proceeding in the same way as above we can again find an increasing
 24 2sequence of integers H s a ; H with a ) p and such that2 n 1 1 1
i i i i 22 s 2 sA e , . . . , e x ??? x - er2 .  .p n n n n1 2 s 2 s
n - ??? -n X2 s H 2
Then, we choose p s a 2. So, inductively we construct increasing se-2 2
 k4 k kquences H s a ; H such that p s a ) a ) p and verifyingk n ky1 k k 1 ky1
i i i i k2 s 2 sA e , . . . , e x ??? x - er2 ;  .p n n n nky 1 2 s 2 s
n - ??? -n X2 s H k
 4for any integer k. We consider now the diagonal set H s p . Then, ifk
5 5x g X and x F 1 we have thatH
i i i i i1 2 s 1 sA e , e , . . . , e x ??? x  .n n n n n1 2 s 1 s
n - ??? -n1 s
n gHi
`
ii i i i i 11 2 s 2 s < <F A e , e , . . . , e x ??? x x   .p n n n n pk 2 s 2 s k /p -n - ??? -nks1 k 2 s
n gHi
`
i i i i i1 2 s 2 s< <F x A e , . . . , e x ??? x   .p p n n n nk k 2 s 2 s
n - ??? -nks1 2 s
n gH Xi kq1 H kq 1
` ei1< <- x F e . p kq1k 2ks1
 4Second Case. min i , . . . , i G r and i - r or i s N - r ; in the last2 s 1 1
  N .4case since the basis is P -null we have that A e converges to zero andN n
by choosing H X ; H such that
NA e - e . n
XngH
 4we have the result. Otherwise if min i , . . . , i G r and i - r, then by the2 s 1
U  i1 i s.proof of Theorem 2.1 we have that A e , . . . , e s 0 and then1 s
lim A ei1 , ei2 , . . . , ei s s 0. .n n n2 sn-n - ??? -n2 s
n gHi
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We now proceed in the following way: for e ) 0 there exists N g H such1
that if n - ??? - n in H and n ) N , then2 s 2 1
i i i1 2 sA e , e , . . . , e F e ; .N n n1 2 s
again, for er2 there exists N ) N such that if n - ??? - n in H and2 1 2 s
n ) N then2 2
i i i1 2 sA e , e , . . . , e F e . .N n n2 2 s
 4In this way we construct an increasing sequence of integers N such thatk
if n - ??? - n and n ) N we have2 s 2 k
«
i i i1 2 sA e , e , . . . , e F . .N n n kk 2 s 2
X  4 XTherefore, if H s N and x g X , x s  x e of norm one we havek k H n n
i i i i1 s 1 sx ??? x A e ??? e  .n n n n1 s 1 s
n - ??? -n1 s
Xn gHi
`
i i i i i i1 2 s 1 2 sF x x ??? x A e , e , . . . , e   .N n n N n nk 2 s k 2 s /
ks1 N -n - ??? -nk 2 s
` ` `ei i i1 2 s5 5 < < < < < <F A x x ??? x  N n nkk  /  /2ks1 ns1 ns1
` e
N i N1< <F C x F C e , N kk 21
where C ) 0 is the constant of the lower r-estimate of the basis. So, the
fact is proved.
Now, the polynomial P can be written as
` ` `
P x e s P x e q P x e ,  n n 0 n n 1 n n /  /  /
ns1 ns0 ns0
where
` N !
i i i i1 s 1 sP x e s x ??? x A e , . . . , e ,    .1 n n n n n n1 s 1 s / i ! ??? i !1 s n - ??? -nns1 i q ??? qi sN 1 s1 s
i Grj
POLYNOMIALS AND SPREADING MODELS 393
is an N-homogeneous polynomial, whenever the set i , . . . , i g N; i1 s 1
 4 4q ??? qi s N, min i G r is not empty; ands j
N !
i i i i1 s 1 sP x e s x ??? x A e , . . . , e . .    .0 n n n n n n1 s 1 si ! ??? i !1 s n - ??? -ni q ??? qi sN 1 s1 s
 4min i -rj
By using the Fact, we have that there exists an infinite set of integers
H X ; H such that
5 5P - e .XX0 H
We may assume without loss of generality that H X also verifies that if
n - ??? - n , n g H X, then1 s i
XUi i i i1 s 1 sA e , . . . , e y A e , . . . , e F e 2 . . .n n 1 s1 s
for a convenient choice of e X in order to get that
5 U 5P y P XX1 H
N !
s  i ! ??? i !1 si q ??? qi sN1 s
i Grj
= Ui i i i i i1 s 1 s 1 sx ??? x A e , . . . , e y A e , . . . , e F e . .  . /n n 1 s n n1 s 1 s
n - ??? -n1 s
So, the proof is concluded, since
5 U 5 5 5 5 U 5P y P F P q P y PX X XX X X0 1H H H
as we required.
From Theorems 2.1 and 2.3 the following result follows.
 4COROLLARY 2.4. Let X be a Banach space with subsymmetric basis e .n
 4Then, if e ) 0 and P is an N-homogeneous polynomial on X with N - deg en
there exists an infinite set of integers H such that
5 5P F e .XH
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3. APPLICATIONS TO SOME ALGEBRAS
OF POLYNOMIALS
Let A be the smallest uniformly closed algebra of functions on Xk
containing all real polynomials of degree at most k. It is clear that
A ; ??? A ; A ; ??? .1 k kq1
In the next theorem we give a general condition for Banach spaces to
ensure that the above chain does not stabilize. This result generalizes the
w xanalogous one obtained by Nemirovski in 19 in the case of l forp
1 - p - `.
THEOREM 3.1. Let X be a Banach space which contains a weakly null
 4sequence u ¨erifying that there exists a continuous linear operatorn
 .   .4T : X ª l 1 - p - ` such that T u is the canonical basis of l . Thenp n p
 4the chain of algebras A does not stabilize.k
Proof. If N G p and C is the N-homogeneous polynomial on lN p
defined by
` `
N
C x e s x , . N i i i /
is1 is1
we consider the N-homogeneous polynomial on X, P s C (T.N N
 4Without loss of generality we may assume that u is a basic sequencen
 4 Uin X that admits a spreading model F with subsymmetric basis e . If Pn N
is the polynomial associated to P given in Remark 1.5, it is easy to seeN
that if x s ` x e thenis1 i i
` `
NUP x e s x . . N i i i /
is1 is1
 4Assume that the chain A does stabilize, then for some integer k we havek
that
A s Ak kql
for all integers l. In other words, every polynomial of degree greater than
or equal to k can be uniformly approximated by polynomials of degree at
 4most k. Let e ) 0 and let N be fixed, where N G N s max p, k . Then,0
there exist polynomials of degree at most k, that we denote by
 .Q , Q , . . . , Q and a real polynomial of n variables R t , . . . , t such that1 2 n 1 n
P y R Q , . . . , Q - e . .N 1 n
POLYNOMIALS AND SPREADING MODELS 395
Now, by Remark 1.5, there can be found an infinite set of integers H and
subsymmetric polynomials QU , . . . , QU on the spreading model F such that1 n
for any x , . . . , x g K, m g N, we have1 m
m m
UQ x e s lim Q x u j i i j i n i /  /n - ??? -n1 mis1 is1
n gHi
for j s 1, . . . , n. Then, by passing to the limit we have
U U UP y R Q , . . . , Q - 2e , . FN 1 n H
 4where F is the closed subspace on F generated by e , n g H . Having inH n
mind that PU , QU , . . . , QU are subsymmetric polynomials the above in-N 1 n
equality holds on F, i.e.,
U U UP y R Q , . . . , Q - 2e . 3 .  .N 1 n
w x UTo conclude, we proceed as in 19 : we have that all the polynomials P onn
F can be uniformly approximated by algebraic combinations of subsym-
metric polynomials of degree at most k on F. By using the finite dimen-
sionality of subsymmetric polynomials of degree at most k on F Theorem
.2.1 we can find two points in F that cannot be separated by subsymmetric
polynomials of degree at most k but can be separated by some PU for NN
 .large enough. Then, the inequality 3 does not hold for sufficiently small
e , which proves the theorem.
Remark 3.2. The class of Banach spaces which verify the hypothesis in
Theorem 3.1 is very large and includes
 .1 All the superreflexive spaces.
 .  w x.2 All reflexive spaces whose dual has the S -property see 14 forp
some 1 - p - `; for instance the dual space T of the Tsirelson original
space.
 .3 Banach spaces with an unconditional basis which is not polynomi-
 .ally null i.e., there is an integer N such that the basis is not P -null .N
All these spaces have in common the existence of a polynomial which is
not weakly continuous on the unit ball. Besides, if every polynomial is
weakly continuous on the unit ball, by the Stone]Weierstrass theorem we
have that all the algebra generated by all polynomials up to a fixed degree
coincides with the algebra of all weakly uniformly continuous functions on
the unit ball. Therefore it is natural to ask the following question:
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QUESTION. Will it be true that if there is a polynomial on X which is
not weakly continuous on the unit ball then the chain does not stabilize?
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